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ABSTRACT: Hybrid optical systems combining refractive and dif-
fractive optical responses have the potential to support new types of
optical behavior, but they are difficult to model and optimize due to the
disparate spatial scales and physics exhibited by ray and wave
phenomena. In this work, we present a differentiable ray−wave
framework for modeling hybrid refractive−diffractive optical systems
that operates as a plug-and-play module within standard ray tracing
pipelines. Our model uniquely applies to both planar and curvilinear
diffractive surfaces and accommodates arbitrary scalar holographic
profiles with high spatial frequency responses, with each simulation
evaluated at a single wavelength. We analyze ray−wave modeling regimes
that optimally account for the spatial frequency properties and spatial
curvature of the diffractive surfaces, and we demonstrate the gradient-based end-to-end optimization of hybrid refractive−diffractive
systems featuring planar and conformal diffractive surfaces. We anticipate that these modeling capabilities will enable new classes of
hybrid optical systems relevant to computational imaging and display applications.
KEYWORDS: computational optics, inverse design, diffractive optics, metasurfaces, coherent ray tracing, angular spectrum method,
Monte Carlo sampling, conformal optics

■ INTRODUCTION
Hybrid optical systems that combine refractive surfaces with
diffractive optical elements (DOEs) have the potential to
enable optical systems with new form factors, including
compact and conformal configurations, as well as new
functionalities. They have emerged as a powerful platform
for imaging, yielding systems featuring an ultrawide field of
view (FOV)1,2 and superachromatic responses.3,4 They have
also enabled new classes of nonimaging optics, including
curvilinear free-space5−7 and waveguide-based displays8−10 for
virtual and augmented reality systems, as well as freeform
metasurface cloaks.11−13 Such distinctive capabilities presented
by hybrid optical systems are made possible by their ability to
utilize the complementary physics of ray and wave optics. On
the one hand, refractive ray-based optics support efficient,
broadband, and field-dependent responses14 with capabilities
that have been enhanced by the development and
implementation of freeform surfaces.15 On the other hand,
DOEs, including metasurfaces,16 can support engineered
wavefront responses17,18 that exhibit polarization control,19,20

tailored chromatic dispersion,21 and angular and spectral
selectivity.22,23 Modern advancements in computational design
and optimization24−26 have pushed the capabilities of freeform
metasurface DOEs to extreme physical limits.
To design hybrid refractive−diffractive optical systems,

modeling tools capable of handling ray and wave optics are

required (Figure 1a). These tools are challenging to develop
because they must synergistically accommodate the distinctive
physics of ray-based interactions, which are typically modeled
using geometric ray tracing,27 and wave-based physics, which is
generally computed using Fourier optics (i.e., the angular
spectrum method (ASM))28 and numerical full-wave simu-
lations.29 To date, several modeling and design platforms for
hybrid optical systems have been proposed and implemented,
each applicable to specific classes of systems, but each with
limitations that restrict their generalizability. Most hybrid
simulators model DOEs based on the generalized law of
refraction,30 where an incoming ray produces a single outgoing
ray with a direction determined by the local phase gradient.
These concepts require the DOE phase profile to be locally
smooth and do not apply to DOEs featuring complex-
amplitude modulation. Nondifferentiable31 and differentiable
frameworks32−34 for this form of ray−wave simulation have
been implemented, with the latter made possible by specifying
the DOE phase profile as an analytic and differentiable
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function. Other methods utilize ASM to model the wave
response of DOE surfaces,35,36 but they restrict the DOE to
planar form factors and they require the DOE to have locally
smooth phase gradients or to be the last element in the optical
system. Hybrid simulators that can model arbitrary apertures
or pinholes (i.e., amplitude DOEs), which are based on the
Huygens−Fresnel principle or Rayleigh−Sommerfeld diffrac-
tion integral, have also been proposed37,38 but are non-
differentiable. A summary of the features of representative
published hybrid simulators is in Supporting Information S1
and Table S1.
In this work, we present a differentiable ray−wave hybrid

modeling framework that supports the simulation and
gradient-based inverse design of a wide range of hybrid
refractive−diffractive systems. Our method is based on
explicitly computing local DOE scattering responses using
ASM, which are sampled back into rays using Monte Carlo
estimation38−40 coupled with a gradient estimator that
maintains the differentiability of the wave-to-ray trans-
formation. It enables coherent wave modeling of systems
featuring arbitrary holographic DOE profiles, including those
supporting complex-amplitude modulation and large wave-
vector responses beyond the paraxial regime. It also
accommodates the placement of DOEs anywhere within
multielement optical systems and applies to systems featuring
spatially curvilinear DOEs. Importantly, our platform operates
as a plug-and-play module for ray−wave−ray DOE interactions
that can readily integrate with existing ray tracer codes.

■ RESULTS AND DISCUSSION

Ray−Wave Simulator Formalism
Broadly, our framework models hybrid optical systems by
specifying geometric rays as plane-wave wavelets with defined
amplitudes and phases. When an individual ray intersects a

DOE surface, it interacts with a finite-sized DOE patch and
produces a local diffractive response comprising an angular
distribution of scattered wave vectors (Figure 1b). This
distribution is sampled to yield an ensemble of secondary
rays, each representing a plane-wave component of the local
angular spectrum, and these secondary rays are then
propagated using conventional ray-tracing principles. A
sufficient number of incident rays are specified such that the
ensemble of rays provides a uniform coverage of the DOE
surface with patches. Our concept can be generalized to
systems containing multiple DOEs (Supporting Information
S4), but for our analysis here, we limit our discussion to
systems containing a single DOE.
A more detailed treatment of the local diffractive response of

an individual ray interacting with a DOE is shown in Figure 1c.
We first construct a tangent coordinate frame (û, v̂, n̂) at the
point of ray−DOE intersection. This intersection point
specifies the center of the DOE patch, which is defined to
have a square geometry with dimensions that are a design
choice. The DOE patch can have a phase, amplitude, or
complex-amplitude response, with the general form U(u, v) =
A(u, v) exp(iϕ(u, v)). The Fourier transform of this patch
response yields its local scattering response Ũ(ku, kv) as
obtained using the angular spectrum method, where (ku, kv)
denote transverse wave vectors in the tangent plane. Only
propagating modes are retained, and evanescent components
satisfying + >k k ku v

2 2 2 are discarded. When the fast Fourier
transform is used for ASM calculation, the scattering response
is discretized in wave vector space due to the discrete nature of
the transform.
The scattering profile is subsequently converted into a set of

secondary rays by using Monte Carlo sampling. The direction
of each secondary ray, k k( , )u

i
v

i( ) ( ) , is sampled from a density
function p(ku, kv), which relates to Ũ(ku, kv) in a manner that

Figure 1. Differentiable ray−wave framework for hybrid refractive−diffractive optics. (a) Conceptual comparison between refractive ray physics,
diffractive wave physics, and the hybrid regime addressed in this work. (b) Schematic of rays interacting with a diffractive optical element (DOE).
At each ray−DOE intersection, a local DOE patch is extracted, and its far-field response is calculated using the angular spectrum method and
sampled into secondary rays. (c) Sampling pipeline used for differentiable optimization. A DOE patch is Fourier transformed into a continuous
angular spectrum Ũ(ku, kv), from which the continuous probability distribution p(ku, kv) used to sample secondary rays is derived. In the forward
pass (green arrow), N discrete wavevectors are stochastically sampled as propagation directions of the secondary rays, and each secondary ray is
assigned a complex-amplitude weight =a U k k p k k( , )/ ( , )i

u
i

v
i

u
i

v
i( ) ( ) ( ) ( ) ( ) . During backpropagation (blue arrow), gradients propagate through

U k k( , )u
i

v
i( ) ( ) within a(i) to update the DOE profile, bypassing the nondifferentiable secondary ray sampling step.
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will be analyzed later. The complex amplitude specified for the
i-th sampled ray, up to a global normalization factor, is given
by

=a
U k k

p k k

( , )

( , )
i u

i
v

i

u
i

v
i

( )
( ) ( )

( ) ( ) (1)

This secondary-ray complex amplitude is inversely propor-
tional to p(ku, kv), which accounts for the fact that rays with
larger probability are sampled more frequently.41 In the limit
where an infinite number of sampled rays are considered, the
secondary ray distribution converges to Ũ(ku, kv). As this
secondary ray representation incorporates both local angular
spectrum and sampling density information, it faithfully
represents the local DOE response, and a proof of this
equivalence is provided in Supporting Information S2.
After forward propagation through the optical system, each

secondary ray is characterized by its spatial position on the
sensor plane, r(i), direction d(i), complex amplitude a(i), and
accumulated optical path length OPL(i). The complex field is
reconstructed coherently at the sensor plane by summing the
rays as plane wave wavelets, which is consistent with protocols
from other ray tracers, including ZEMAX:

= [ + ]U x y a ik r x y n d( , ) exp (OPL ( , )) ,
i

i i i i
sensor

( ) ( ) ( ) ( )

(2)

In this expression, k = 2π/λ is the free-space wavenumber, ⟨n,
d(i)⟩ represents the projection factor between the wavelet
direction and the sensor-plane normal, and Δr(i)(x, y) accounts
for the additional optical path differences between the ray’s
intersection point on the sensor plane and the field-evaluation
point Usensor(x, y) due to the oblique incidence of the wavelet
across the sensor plane.
To perform backpropagation through our ray−wave model

in a manner where the DOE profile is updated to improve the
field response at the sensor, we use a gradient estimator
technique (Figure 1c). In particular, to sidestep the fact that
secondary ray sampling is inherently nondifferentiable, back-
propagated gradients from the secondary rays flow through
Ũ(ku, kv) in a(i) back to U(u, v) for all secondary rays, while
p k k( , )u

i
v

i( ) ( ) in a(i) is treated as constant in backpropagation.
This estimator neglects gradients associated with changes in
the sampled secondary-ray directions, but it nonetheless

provides low-variance gradients that are sufficient for stable
DOE optimization,42,43 as demonstrated by the inverse design
results in later sections. Detailed implementation and
alternative differentiable sampling strategies are described in
Supporting Information S7.
Accurate implementation of the ray−wave framework

requires careful selection of the simulation parameters,
including the sampling density of incident and secondary
rays and the DOE patch size. We subsequently perform a
systematic analysis of these hyperparameters, starting with an
examination of patch size. The optimal choice of patch size
depends strongly on whether the DOE is planar or curvilinear,
and on whether the full DOE field can be represented within
GPU memory. In Figure 2a, we simulate a 400λ × 400λ planar
holographic system with a single incident ray. We initially
consider D × D patch areas for each ray with D = 50, 100, 200,
and 400λ. The hologram has an NA = 0.7 and is designed for
an operating wavelength of λ = 1 μm. Pattern formation at the
imager focal plane is computed by propagating each DOE
patch via a sufficiently large number of sampled secondary rays
(SSRs) to ensure convergence of each patch and coherently
summing all the ray contributions at the imaging plane. To
calculate the angular spectrum, all patches are zero-padded to a
total patch area of 400 × 400λ2 to ensure the angular spectrum
resolution is high for all patches and to avoid the presence of
spurious periodic copies of the scattered field in the
reconstructed sensor field. To quantify the fidelity of image
reconstruction at the imager focal plane, we calculate the
normalized cross-correlation (NCC) with respect to the ASM
ground-truth reference IGT:

=I
I x y I x y

I x y I x y
NCC( )

( , ) ( , )

( , ) ( , )

x y

x y x y

, GT

, GT
2

,
2

(3)

We observe that when a single ray is incident on the hologram,
the use of larger DOE patch sizes yields higher NCC values at
the sensor plane, as larger patches better sample the total DOE
profile (Figure 2a, bottom).
On the basis of these observations, we propose the following

rule-of-thumb modeling method for planar DOEs. We first
zero-padded the DOE field to twice the lateral extent of the
original phase profile, such that the full DOE response is
captured within this field for all incident rays. We then
computed the FFT of the global zero-padded DOE field, which

Figure 2. Ray−wave modeling in the single DOE patch limit. (a) Ray−wave modeling of a holographic target with a single DOE patch (size 400 ×
400λ2), which captures a limited local response of the diffraction element. As the patch size increases from 50 × 50λ2 to 400 × 400λ2, the
reconstructed field from the patch progressively approaches the full-field result (bottom right). (b) Rule-of-thumb ray−wave modeling approach for
planar DOEs. The full DOE field should be zero-padded to twice its original size, and its angular spectrum response for a centered incident ray can
be obtained using a single FFT calculation. The response of corresponding off-center incident rays is readily obtained by applying a linear phase
ramp relative to the on-center FFT response.
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corresponds to the DOE response of a normal, centered ray.
The FFT responses of nonnormal, off-center incident rays are
then readily calculated analytically as the addition of linear
phase ramps to the original angular spectrum response, as
specified by the Fourier shift theorem. In this manner, only a
single FFT calculation is performed, independent of the
number of incident rays. The incident ray count is determined
by sampling requirements in the downstream optical system,
including pupil coverage, field-dependent aberrations, vignet-
ting, and subsequent optical surfaces.
There are practical cases where the full-field planar-patch

approach is not feasible. For large planar DOEs where the
processing of the full-field planar patch exceeds available GPU
memory, we can instead decompose the full field into multiple
smaller overlapping patches, each associated with an incident
ray. Using the same free-space hologram setting in Figure 2a
and three patch sizes D = 50, 100, 200λ, we consider an
ensemble of incident rays with collectively overlapping DOE
patches to model the total DOE response. When a sufficient
number of incident rays are used, the coherent superposition of
the transmitted fields at the sensor plane can accurately
reconstruct the full field for all D (Figure 3a). To further
quantify the relationship between DOE patch size, incident ray
density, SSR density, and reconstruction accuracy at the sensor
plane, we sweep the incident-ray count from 102 to 105 and the
SSR count per patch from 102 to 106 for the representative
patch sizes. In Figure 3b, the top row shows reconstruction
fidelity as −log10(1 − NCC), with the white contour marking
NCC = 0.99, which specifies the spatial and angular sampling
combinations sufficient for accurate reconstruction. NCC
increases with both the incident-ray count and the SSR
count, which are related to DOE spatial coverage and angular-
spectrum sampling convergence, respectively. Larger patches
shift the contour to lower total ray counts, thereby reducing
the number of overlapping patches required and the
corresponding runtime (Figure 3b, bottom row). Based on

these observations, we find that the most computationally
efficient modeling method involves specifying the largest patch
size possible that fits within the available GPU memory.
For conformal, curvilinear DOEs, proper selection of DOE

patch size strongly depends on the surface curvature of the
DOE element. In particular, our method computes the local
field response from a DOE patch using a tangent coordinate
frame that approximates the surface as locally planar, and this
approximation can lead to distortions in the local angular
spectrum response (Figure 3c, left). These distortions are
amplified when the patch size becomes larger or the DOE
element curvature gets smaller: in both cases, phase error
increases due to enhanced sag. We derive an upper bound on
this curvature-induced error in the angular spectrum for a
DOE element with radius of curvature (R):

D
R

arcsin
2curv

i
k
jjj y

{
zzz (4)

This bound is independent of the detailed DOE phase profile.
Details of this derivation can be found in Supporting
Information S3. A plot of angular spectrum error as a function
of DOE patch size for different R (Figure 3c, right) confirms
that εcurv increases as D increases and R decreases. The optimal
choice of D for a given curvilinear DOE element is the largest
possible value given a user’s threshold for angular spectrum
error, which balances computational memory with curvature-
induced errors.
We next identify a protocol for specifying the sampling

distribution and number of SSRs for a given ASM response
from a DOE patch in a manner that yields accurate sensor-
plane reconstruction. We consider the diffractive response
from two DOE patch types, a 50 × 50λ2 metalens phase profile
with an NA = 0.1 and a 400 × 400λ2 holographic Siemens star
with an NA = 0.7. In both cases, a single input ray is launched
at the center of the DOE patch, and secondary rays are
sampled from a probability density function p(ku, kv). For each

Figure 3. Field convergence of multiple overlapping patches and trade-offs in ray−wave modeling. (a) Ray−wave modeling of a holographic target
with multiple patches. The DOE is sampled with different numbers of incident rays and the same sufficiently large number of SSRs for different
patch sizes. The total DOE optical response is calculated by summing the diffractive response of all rays. All patch sizes achieve high-fidelity
reconstructions with NCC >0.99, and larger patches require fewer incident rays. (b) Reconstruction accuracy and runtime with respect to incident
ray density and SSR density for different patch sizes. Each condition is averaged over 4 trials. The top row shows −log10(1 − NCC), with white
contours indicating NCC = 0.99. Larger patch sizes shift this contour toward lower total ray counts. The bottom row shows the runtime for
simulations achieving NCC ≥0.99. The corresponding peak GPU memory consumption for each condition is provided in Supporting Information
S5 and Figure S2. (c) Curvature-induced error for conformal DOEs, which arises when flat DOE patches are used to approximate curvilinear DOE
patches. Schematic (left) of the tangent-plane approximation on a curved surface and corresponding angular spectrum error (right) as a function of
DOE patch size for different curvilinear DOE radii of curvature. This analysis applies to all phase profiles.
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patch, we consider a probability density function with uniform
wavevector sampling, puni(ku, kv), and a probability density
function with sampling that relates to the ASM scattering
magnitude, pmag(ku, kv) ∝ |Ũ(ku, kv)|. We sweep the number of
SSRs and evaluate the mean squared error (ϵMSE) relative to an
ASM reference to compare convergence rates.

As shown in Figure 4, the reconstructed field converges to
the ground truth solution as the number of SSRs increases for
both phase profiles, indicating that high accuracy is always
possible with sufficient SSR sampling. For the holographic
Siemens star, which has a complex, multilobed diffractive
response, the convergence rates for puni(ku, kv) and pmag(ku, kv)
are similar. For the metalens phase profile, which, in contrast,

Figure 4. Monte Carlo convergence of sampled secondary rays (SSRs) per patch. (a) Mean squared error versus the number of SSR for a metalens
DOE phase patch under uniform and spectral-magnitude-based sampling, with representative reconstructions at selected SSR values. (b)
Corresponding convergence for a holographic DOE phase patch generating a Siemens-star pattern.

Figure 5. Benchmarking the simulation capabilities of our ray−wave tracer. We consider three model systems: (a) a grating−refractive lens pair,
(b) a planar holographic surface, and (c) a planar holographic surface with a refractive lens. The top row shows schematics of the model systems.
The middle row shows ground-truth images at the imaging plane calculated using the generalized law of refraction for (a) and the angular spectrum
method for (b). No conventional simulation method exists for (c). The bottom row shows corresponding results from our ray−wave framework.
The method reproduces the reference results in Setups 1 and 2 and predicts the nonparaxial response of Setup 3.
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has an angular spectrum more concentrated in a single lobe,
pmag(ku, kv)-based sampling leads to accelerated convergence
compared to puni(ku, kv)-based sampling. These demonstra-
tions suggest that sampling proportional to the spectral
magnitude provides a robust and generally effective strategy
across different phase profiles.
Benchmark and Inverse Design Demonstrations

To benchmark the capability and accuracy of our ray−wave
simulation platform, we implement it as a plug-and-play
diffractive surface module within the open-source ray tracer
DeepLens,44 analyze three representative optical refractive−
DOE systems, and compare our results with conventional
methods. All simulations are performed with a wavelength of
0.7 μm. A summary of the computational settings, runtime,
and GPU memory consumption for each simulation is
provided in Supporting Information S8 and Table S2.
The first system (Figure 5a) is a planar diffractive grating

placed 3 mm in front of a plano-convex lens (Thorlabs
LA1131-A, diameter 25.4 mm, radius of curvature 25.8 mm,
center thickness 5.3 mm, material N-BK7). The sensor plane is
located 50 mm after the lens. The diffractive grating is assumed
to possess an ideal linear phase profile, yielding a single
diffraction order. Such a system can be readily modeled using
the generalized law of refraction to describe the DOE, and
analysis in this manner, which we consider to be the ground-
truth reference, yields an aberrated focal spot at the sensor
plane with a centroid position (160.65, 0.35) μm. With our
method, we implement the linear phase profile on a discretized
grid with a pixel pitch of 6.3 μm × 6.3 μm, which corresponds
to the resolution of an off-the-shelf spatial light modulator
(EXULUS-SE1, operating range 400 − 850 nm). A total of 6.5
× 104 incident rays are sampled at the entrance pupil, and at
each ray−DOE intersection, we adopt a patch-based ray−wave
implementation (Figure 3) with a DOE patch size of 40 × 40
pixels (252 × 252 μm2) to compute the angular spectrum,
from which 103 SSRs are generated and propagated to the
sensor plane via conventional ray tracing. The ray sampling
strategy and DOE patch size here and in the other
demonstrations are determined based on the analysis in the
previous section. The resulting intensity distribution of our
method at the sensor plane closely matches the ground-truth
focal spot. We obtain an MSE = 1.456 × 10−9 and an NCC =
0.985 with respect to the ground-truth intensity, indicating
good agreement in both absolute intensity and structural
similarity. The discrepancy between our simulated results and
the ground truth arises in part from slight differences in the
phase profiles used for the analysis (i.e., ideal linear versus
discretized staircase profiles).

The second system (Figure 5b) consists of a planar
holographic phase profile in free space that produces a smiley
face image at the sensor plane. The phase profile is
implemented using the same SLM configuration as in the
first system (i.e., a pixel pitch of 6.3 μm × 6.3 μm and a total of
100 × 100 pixels). The sensor sampling pitch and total size are
chosen to match those of the SLM, and the total system has an
NA = 0.5. A ground-truth sensor-plane image is obtained using
ASM. Using our framework, we use a single patch that spans
the full field (Figure 2b), and one primary ray together with 1.1
× 106 SSRs is sufficient to represent the full DOE response.
We obtain an MSE = 4.414 × 10−10 and an NCC = 0.997,
indicating good agreement between our method and the
ground truth.
In the third system (Figure 5c), we construct a hybrid

optical setup by cascading a planar hologram with the
refractive lens (Thorlabs LA1131-A) to produce the smiley-
face image at the sensor plane. Our specification of high-
frequency wavefront modulation followed by conventional
refractive propagation is typical in many computational
imaging and display applications.45 The holographic phase
profile is defined on a 200 × 200 pixel grid with a sampling
pitch of 6.3 μm, matching SLM specifications. There does not
exist a conventional approach for precisely designing such a
hybrid system, and we instead design the DOE in the paraxial
pupil-phase approximation by replacing the refractive lens with
an equivalent flat metalens. We apply our ray−wave simulation
framework to the designed DOE surface together with the
refractive lens, adopting the full-field patch rule (Figure 2b).
Unlike the second system of a free-space hologram, an
ensemble of incident rays is still required because the
downstream refractive lens introduces field-dependent, non-
paraxial aberrations. We therefore uniformly sample 3.3 × 104
incident rays across the entrance pupil, and each patch is
sampled into 1.6 × 105 SSRs. We observe that the sensor
intensity distribution preserves the global structure of the
smiley face; however, the image exhibits pronounced speckles.
As verified by the convergence analysis in Supporting
Information S6 and Figure S3, the resolved interference
structure is reproducible across independent Monte Carlo
realizations, thereby confirming that the speckles are physical
interference effects arising from ray−lens interactions in the
nonparaxial limit rather than numerical artifacts. These
speckles, visualized in Figure 5c, highlight a fundamental
limitation in conventional design workflows: refractive optics
are typically approximated to have a fixed paraxial phase,
presenting an oversimplified optical propagation picture,
particularly for coherent optical systems.

Figure 6. End-to-end optimization of a hybrid refractive−diffractive system. (a) Target intensity. (b,c) Sensor-plane intensity and DOE phase
profile obtained from a paraxial design. (d,e) Sensor-plane intensity and DOE phase obtained from end-to-end optimization with our differentiable
ray−wave model.
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To address the design limitations mentioned above, we can
utilize our differentiable ray−wave framework to directly
perform end-to-end optimization of full DOE−refractive
systems. A summary of computational settings, runtime, and
GPU memory consumption for each design demonstration is
provided in Supporting Information S8 and Table S3;
additional details are provided in Supporting Information S9.
Given a DOE phase profile ϕ(x, y), our method can readily
simulate the coherent sensor field S(ϕ) and backpropagate
gradients to update ϕ. To minimize the discrepancy between
the reconstructed intensity |S(ϕ)|2 and a target distribution Itgt,
we consider a normalized least-squares optimization objective:

| |S Imin ( ) 2
tgt 2

2

(5)

where α is a scalar normalization factor that compensates for
global intensity scaling. The optimization results are shown in
Figure 6. Compared with the paraxial design of System 3, our
end-to-end DOE-refractive lens system fully accounts for
aberrations and nonparaxial ray interactions introduced by the
refractive lens, producing a qualitatively improved image at the
sensor plane with high contrast and suppressed speckle
artifacts. Quantitatively, the NCC improves from 0.462 with
the approximate design method to 0.952 with the back-
propagation-based design, indicating a substantial improve-
ment in design fidelity.
Finally, we show that our ray−wave simulation platform can

be used to inverse design the phase profiles of curvilinear
DOEs. For these demonstrations, we consider a reflective
metasurface DOE defined over a circular aperture of 501 × 501
pixels with a pixel pitch λ/2 and λ = 1 μm. The system has an
NA = 0.5 and is illuminated by a collimated beam incident
along the optical axis, which is normal to the global, flat xy-
plane of the device (Figure 7a). The substrate possesses a
physical Gaussian-like sag profile, as shown in Figure 7b. We
use 3 × 103 incident rays that are uniformly distributed over
the DOE and 4 × 103 SSRs per patch. A DOE patch size with
D = 100 λ is selected based on our curvature error analysis
(Figure 3c) and ensures that the error threshold εcurv is within
0.1 rad, given the minimum substrate radius of curvature of ≈

506 λ. Inverse design is performed by backpropagation using
eq 5.
We consider two design demonstrations. In the first

demonstration, the conformal DOE is optimized to split the
incident beam into two focused spots separated by 0.1 mm
along the x-axis (Figure 7c). We specify the DOE to have a
complex-amplitude field, as projected to a flat xy-plane, to be

= +U x y e e( , ) i x y i x y( , ) ( , )1 2 , and we optimize ϕ1, ϕ2. The
optimized image at the sensor plane (Figure 7d) shows two
sharp foci with a centroid separation of 99.99 μm and a mean
full width at half-maximum (fwhm) of 1.2 μm (Supporting
Information Figure S8), which is well within the 2.44 μm Airy
disk diameter for this NA = 0.5 system. In the second
demonstration, the DOE is defined as a phase profile ϕ(x, y)
and tasked with generating a holographic Stanford “S” intensity
distribution at the sensor plane (Figure 7e). Despite the phase
perturbations introduced by the curved substrate, the
optimization converges to a reconstructed image with an
NCC = 0.909 (Figure 7f). In both cases, the optimized DOE
profiles successfully encode the target diffraction patterns while
simultaneously compensating for the curved substrate
geometry.

■ CONCLUSION
We presented a differentiable ray−wave framework for the
simulation and inverse design of hybrid optical systems
containing refractive and diffractive elements. By representing
ray−DOE interactions through local DOE patches, angular-
spectrum-based secondary ray sampling, and coherent wavelet
reconstruction at the sensor, the framework unifies local
diffraction, global ray propagation, wave interference, and
optical aberrations within a single differentiable simulator. We
validated the method through convergence analysis, bench-
mark comparisons, and inverse design examples spanning
planar DOEs with smooth and complex holographic profiles,
hybrid DOE−refractive lens systems, and reflective conformal
DOEs, showing that the framework can accurately model
regimes that are difficult or impossible to capture with either
conventional ray optics or purely wave-propagation methods
alone.

Figure 7. Optimization of a conformal reflective DOE on a curved substrate. (a) Schematic of the conformal reflective DOE under collimated
illumination. (b) Surface sag of the curved substrate. (c,d) Beam-splitting task and optimized two-focus result. (e,f) Phase-only hologram task and
reconstructed Stanford “S” image.
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Future work will focus on improving computational
efficiency through adaptive patch sizing and adaptive ray
sampling, enabling simulations that dynamically balance local
diffraction accuracy and global ray propagation efficiency. We
also envision efforts to (1) extend the framework to vectorial
ray tracing, in which rays carry Jones vectors to model
polarization-dependent propagation and diffractive interac-
tions; and (2) couple the framework with full-wave solvers to
rigorously model scattering beyond ideal complex-amplitude
profiles, including wavelength-dependent resonances, disper-
sion, and anisotropic material responses. As the complexity of
hybrid refractive−DOE systems increases with the advance-
ment of fabrication technologies to produce freeform refractive
surfaces, multilayer metasurfaces, and conformal metasurfaces,
our proposed tools will become even more essential to enable
accurate and robust system design. Along these efforts, we
anticipate the need to further develop and utilize new full-wave
simulation techniques, including those based on machine
learning,46−50 to manage the speed and memory requirements
of large-scale full-wave calculations.
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