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ABSTRACT

Joule heating provides a straightforward and controllable method to convert electricity to heat at a resistive load, and it is used in a wide
range of industrial and household systems. While the dissipation of electricity to heat is known to be highly efficient, heat losses at the
electrical connection between the heating element and power supply can be significant, especially when considering that effective electrical
conductors generally exhibit high thermal conductivities. Here, we present a straightforward derivation, using the Wiedemann-Franz law, to
specify optimal designs for contacts in a manner that minimizes heat loss. We quantify the performance of these contacts for systems
operating at different temperatures and scales and find that resistively heated microscale systems yield significant heat losses at contacts, and
these losses dramatically decrease with increases in system scale. These results offer general guidelines to proper electrical contact design and
present a more comprehensive picture of total energy efficiency in resistively heated systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0313180

Elevated temperatures are critical for many industrial and domes-
tic applications, ranging from crystal growth and chemical synthesis to
food preparation. For many systems, electrified heating approaches are
utilized (Fig. 1), as they present a simple, modular, and highly con-
trolled approach to heating and also enable the production of heat in a
sustainable manner when green electricity is used. The most straight-
forward and widely used way to produce heat via electrification is joule
heating, in which current passes through a resistive element and dissi-
pates as heat.' Joule heating converts all electrical energy into heat, and
it generally features minor parasitic losses in the power electronics.”

Fully understanding the loss mechanisms in joule-heated systems
is critical, particularly in industrial scale systems that consume enor-
mous amounts of power. One commonly cited consideration when
using joule heating to produce high grade heat is the management of
parasitic power loss at the electrical contacts to the heating element.””
Power loss arises due to resistive heating in the contact itself and heat
extraction arising from temperature gradients along the contact. To
minimize these losses, contacts would ideally feature high thermal
resistance and low electrical resistance. However, typical materials with
high thermal resistance also have high electrical resistance, presenting
a critical engineering challenge around managing both joule and ther-
mal loss mechanisms in contacts.

In this study, we investigate the role of contacts in joule-heated
systems using the Wiedemann-Franz law (WFL), which couples elec-
trical and thermal conductivity by accounting for the fact that electrons
carry both current and heat in good conductors. The WFL specifically

states that ¢ = «/LT, where ¢ is the electrical conductivity, x is the
thermal conductivity, L is a constant known as the Lorenz number,
and T is the temperature.’1 In ideal metals, L takes the Sommerfeld
value of 2.44 x 1078 V*/K®. The application of the WEL to heating of
contacts was first studied by Kohlrausch, who rigorously showed that
the electrical potential at any point between two electrodes relates to its
temperature relative to the electrodes and the Lorenz number of the
material.” These results have been utilized to study the electro-thermal
performance of high power electrical plug designs,” * to understand
the formation and behavior of contact spots at metal-metal interfa-
ces,”'” and to determine the Lorenz numbers for metals.'' In this
study, we perform a simplified version of Kohlrausch’s analysis to eval-
uate heat flow in systems where one of the electrodes is held at an ele-
vated temperature by design. We specifically design contacts that
optimally balance the need for high electrical conductivity with the
need for minimal thermal conductivity, and we quantify energy losses
from optimal contacts in systems ranging from microscale to industrial
scale sizes, which has particular pertinence in electrified thermochemi-
cal reactor performance.

As in Kohlrausch’s work, we will assume the ends of our contact
are at given reservoir temperatures and there is no heat loss from the
contact to the environment other than through the reservoirs. We will
further specify a contact geometry consisting of an extruded metallic
material with a constant cross-sectional area resulting in currents and
temperatures being uniform in the cross section, but as per
Kohlrausch’s work, our results extend to arbitrary geometries. In our
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FIG. 1. Electrical contact model for a joule-heated system. Model of a generic joule-
heated system consisting of a heated element connected to a power supply. This
configuration generally describes various applications, including resistively heated
chemical reactors, toasters, and 3D printer hotends. We model the contact as a dis-
tributed thermal resistance between a cold reservoir (temperature T;) and a hot res-
ervoir (temperature T,) where a fixed electrical current / flows through the system.
The contact has a length /; and cross-sectional area A, and its electrical and ther-
mal conductivities are ¢ and x, respectively, which relate by the Wiedemann-Franz
law. Parasitic heat losses are represented by the heat flux Q flowing to the cold
reservoir.

electrical model, the current I = J, A is carried by the distributed con-
ductance per unit length of ¥ = gA of the contact, where A is the
cross-sectional area of the contact.

For the thermal model, the power electronics supplying current
into our system have a maximum operating temperature typically
between 50 and 100 °C. Excess heat must be extracted to enforce tem-
perature regulation, hence representing a cold reservoir. It is also possi-
ble the cold reservoir is specified upstream of the power electronics
due to material compliance or safety requirement considerations in the
system. The elevated operating temperature of the resistive device acts
as a hot reservoir. These reservoirs are connected by contacts described
with a distributed thermal conductivity per unit length of K = kA,
related to the electrical conductivity via the WFL X = K/LT, and heat
flow at any point of the contact is Q = gA, where ¢ is heat flux. The
heat transferred into the cold reservoir Q. is wasted energy, and it is
extracted using a heat sink or heat exchanger to maintain the tempera-
ture of the cold reservoir.

To find the optimal conductivity condition in which system losses
at contacts are minimized, we write the heat equation in its most gen-
eral form

oT .
pcPE—V(KVT) =4, (1)

where p is the material density, ¢, is the heat capacity at constant pres-
sure, T'is the temperature, ¢ is time, and g, = |J|* /& is the volumetric
heat dissipation from resistive losses. As most industrial systems oper-
ate continuously, our system is in a steady state, and hence we drop
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the time derivative term 0T /Jt. Furthermore, as our contact cross sec-
tion has uniform current density and temperature, we may neglect
derivatives in T and « in the direction normal to the contact, here x.
With these simplifications, the heat equation reduces to the form
0 =0y - (kO T) +J?/o. Finally, we can multiply by the cross-
sectional area to derive

oL, d (KdT) @)
“sta\Ka)

PP dQ

I a 3)

In these expressions, thermal gradients are specified along the
contact (i.e., the x direction) and heat generation due to joule heating
within the contact is I?/X. Simplifications are achieved using the defi-
nition of heat flow along the contact, Q = —K x dT/dx. In general, Q
explicitly depends on temperature, T(x), and we apply the chain rule
to find dQ/dx = 0Q/OT x OT/Ox. With this and application of the
WEL, we find

LTI?  9QoT ) aQ
K “orox M=%

We experimentally validate our problem formulation (see supple-

mentary material S1), and we identify the solution to Eq. (4),

|Q(T)| = IVLy/ T2 — T2. (5)

The absolute value for Q is necessary as both signs of Q solve Eq. (4).
T, is a constant, and its value generally depends on contact design; see
more in supplementary material S2. Mathematically, T,, must be
greater than or equal to Tj, otherwise Q is imaginary and nonphysical.

As Q may take either sign, heat may flow in either direction in
the contact. We thus identify two scenarios for our contact design. In
one, Q does take both signs, and heat does flow toward both the hot
and cold reservoirs. We interpret this as excess heat generation within
the contact resulting in a hot spot with temperature T, > Tj, as
observed in the bottom panel of Fig. 2(a). Heat flows from the contact
hot spot into both the cold and hot reservoirs, which is represented by
the zero crossing of the heat flow shown in the top panel of Fig. 2(a).
Here, the electrical conductance of the contact is too low, or alterna-
tively, the aspect ratio of the contact I, /A is too high given the conduc-
tivity of the selected material. In the other scenario, Q always takes the
same sign, meaning heat is extracted from the hot reservoir and flows
to the cold reservoir along with any dissipation in the contact. This
implies the temperature monotonically decreases from Tj, to T,. While
no part of the contact reaches T},, which no longer has a clear physical
interpretation, the temperature and heat flow profile is identical to the
T < Ty, region of a low conductance contact with maximum tempera-
ture T),. In this case, the electrical conductivity of the contact is too
high, i.e., the aspect ratio of the contact I, /A is too low given the con-
ductivity of the selected material.

The ideal operating condition for contact design that minimizes
energy loss is the critical point separating these scenarios, which occurs
when T,, = Tj,. This condition minimizes the heat rejection to the
cold reservoir. Furthermore, Q(T},) = 0 at this point, such that no
heat is exchanged with the hot reservoir, and heat generation in the
contact perfectly balances the extraction. This condition makes

(4)
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FIG. 2. Theoretical models of contact heat loss. (a) Heat flow (top) and temperature (bottom) profiles along three tungsten contacts with differing lengths, using the room tem-
perature Lorenz number for tungsten. (b) Plots of total heat loss through various contacts as a function of normalized contact length, assuming an electrical current drive of
1000 amps and hot and cold reservoir temperatures of 1000 and 300 K, respectively, for each contact. Different contact metals and lengths are considered, and the curves are
calculated using an ideal WFL description of the contact material (solid lines) and with empirical, temperature dependent electrical and thermal conductivities (dashed lines).

physical sense: if heat is flowing into the hot reservoir, the hottest point
of the contact effectively serves as a new hot reservoir with a tempera-
ture greater than Tj,. If heat is leaving the hot reservoir, one could sim-
ply increase the resistivity, decreasing heat extraction. Importantly, as
in Kohlrausch’s work, our model presents general results that show
optimal heat loss through contacts depends solely on material Lorenz
number, operating temperature, and required current. A long contact
from copper or a short contact from nickel-chrome superalloys will
have similar heat extraction, up to the difference in Lorenz numbers, if
sized appropriately. Furthermore, cylindrical, rectangular, or even non-
uniform contact cross sections will exhibit identical heat extraction
when optimized.

To derive optimal contact geometries that minimize losses for a
given resistively heated system, we evaluate Eq. (5) at our ideal operat-
ing condition. Together with Ohm’s law, the resistance of our ideal
contact is determined to be R,y = VL+/ T;Zl — T2 /I, which is consis-
tent with Kohlrausch’s result. With arbitrary «(T), closed form rela-
tionships describing contact design are not possible, and the optimal
ratio between contact length and cross section must be evaluated by
the following numerical integration:

leopt 1 JTh k(1)
A WLl T} -T7

This expression accounts for the temperature dependence of the
electrical and thermal conductivities of the contact material. For con-
tacts featuring a nonuniform cross-sectional area, we can use an
expression for the average cross-sectional area in our solution,
Agyg = j(f Adx/l,, as long as the axial variation in A is smooth enough
for the current distribution in the contact to be approximately uniform.
More complex geometries may require finite element analysis models
or methods like those described by Greenswood and Williamson."”

Our analysis can extend to scenarios where contact material
behavior deviates from the WFL. In these situations, our optimal

(6)

contact condition (i.e., T, = T, — Q(Ty) = 0) still holds, and we can
numerically integrate Eq. (2) using empirical values for the electrical
and thermal conductivities until the cold reservoir temperature is
reached to find .. The temperature gradient can be readily evaluated
to quantify heat loss from the contacts.

To evaluate the properties of various contact configurations, we
plot heat loss as a function of contact length for several candidate met-
als described using both the ideal WFL and by integrating Eq. (2) with
appropriate material properties.””'® For the WFL analyses, we inte-
grate x(T) and use experimental values of the Lorenz numbers at the
average of the cold and hot reservoir temperatures. The results are
shown in Fig. 2(b), where contact length has been normalized to the
optimal contact length I o as calculated with the WFL. We generally
observe excellent agreement between the two models for all materials
except for Kanthal, where limited availability of low temperature ther-
mal conductivity data leads to discrepancies.

Critically, these plots indicate that having an insufficiently con-
ductive contact can quickly lead to extreme temperatures and contact
breakdown. As noted by Greenwood and Williamson,” contact failure
is mitigated in materials like nickel-chrome superalloys and Kanthal,
which have conductivities that increase with temperature.'””'® In the
opposite limit where the contact is excessively conductive, there is no
catastrophic failure, but there is significant excessive power loss. As an
example, a copper contact featuring a length that is 30% the optimal
value will more than double the amount of heat extracted from the
load. These observations indicate that in practice, the ideal experimen-
tal contact design should be slightly shorter than the theoretically opti-
mal contact length, which would provide margin against material
failure while only slightly increasing losses.

We next consider if the derived design rules result in practical
structures. For example, consider a system operating at 1000 amps and
600 °C with a contact length of 0.25 m. Assuming that the contact con-
sists of Inconel 625 with x ~ 15 W/mK,"” optimal contact conditions
specify that the wire should have a 5.5cm diameter. If we instead
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FIG. 3. Practical model outcomes assuming ideally designed contacts. A plot of the
fraction of power lost to ideal contacts as a function of voltage for several tempera-
tures, assuming a Lorenz number of 3 x 1078 V2 /K2 We evaluate the performance
of household appliances like toasters,'® manufacturing tools like 3D printers,”’ and
industrial applications like emerging electrified chemical reactors.”'°

operate at 1000 °C with tungsten, which exhibits a x ~ 150 W/mK,"”
optimal contact conditions specify that the wire has a 0.9 cm diameter
wire. These values are practically achievable. Furthermore, as the ideal
contact radius 7. oc /LI, the contact dimensions will likely be reason-
ably achieved for a wide range of joule-heated system configurations
and scales.

Using the results of the model, we compute the fraction of power
lost to contacts in joule-heated systems, assuming optimal designs.
For this analysis, we observe that the proportionality between heat
loss and current delivery yields a heat loss per unit power delivered of
Q./P =+L\/T} — T2//RP = VL\/T} — T2/ V for each contact.
As such, to minimize energy loss through contacts, we desire
high power, high resistance loads that require large voltages to drive.
We plot fractional system power loss to the contacts, 2Q./(2Q. + P),
as a function of voltage across the load for several temperatures in
Fig. 3, which assumes the system comprises two contacts connected to
the load.

An evaluation of ideal contact heat loss in the context of vari-
ous industrial and household joule-heated systems is presented in
the figure. A kitchen toaster powered by line voltage operating at
600°C loses about 0.2% through its contacts.”” A 3D printer
extruder at 24 V and 300 °C has losses of around 0.7%.”’ For scaled
joule-heated thermochemical reactors, systems that deliver around
15kW at 80 V and that operate at 1000 °C yield ideal contact losses
as little as 80 W, which constitutes just 0.5% of total input power.””
However, for microscale thermochemical reactors comprising a
joule-heated superalloy metal tube driven with a voltage of around
2.7V, the high currents delivered would yield contact losses of
12.9W, corresponding to a total power efficiency reduction of
12%.”" We note that this analysis assumes ideal contacts, and sub-
optimal contacts will exhibit worse power efficiencies. In Ref. 21,
the reported temperature gradients at the ends of the reactor sug-
gest the presence of non-ideal short contacts, yielding a system
power efficiency reduction of 18% due to contact losses.

This analysis has significant implications on viable configurations
for joule-heated thermochemical systems, where the enormous energy
requirements and low margins require systems to operate with near
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unity efficiency. For example, Balakotaiah and Ratnakar proposed vari-
ous resistive networks that could be heated, including multitubular
schemes, metallic monoliths, and parallel wires.”” The parallel wire
setup consisted of wires with diameters between 100 and 1000 um, and
a specific presented toy example involved 1 m long, 100 #m diameter
wires powered by 41V that reached temperatures as high as 1200K.
Based on our analysis, scaling up via the parallelization of microheat-
ing elements yields the same contact losses as a single microheating
element, as each unit requires the same voltage. For the toy example,
we calculate that 1% of the input power is lost through the contacts,
independent of the number of parallel wires in the system. If we were
to instead consider a more robust 0.5 m long, 1000 um diameter wire,
our voltage drops to 2V and 16% of the power is lost through the con-
tacts. In this scenario, the resistive network should be configured with
the wires electrically in series rather than in parallel, which raises inte-
gration challenges.

Next, we discuss limitations of the model and the ways in which
practical implementations might deviate from our calculations. While
our requirement of having the resistive load at an elevated temperature
and the power supply at a lower temperature validates the existence of
a hot and cold reservoir, it is unrealistic to assume there is no heat loss
to the environment along the contact. However, we observe that the
presence of heat loss to the environment strictly serves to increase total
heat loss via the contacts.

Our current model also is limited to DC loading. For a power
electronics schemes utilizing AC power, skin effects can manifest and
effectively increase the electrical resistance without affecting the ther-
mal conductivity. This acts to increase the Lorenz number, thus
increasing losses. We also note that some applications of joule heating
involve intermittent loading, for example, running with some current I
when abundant solar electricity is available and I/2 otherwise. This
would aggravate our contact problem, as the contacts would extract
excess power during the low utilization phase. For example, The
microreactor in Ref. 21 would lose 26% of its input power when oper-
ated at half current.

Beyond the macroscopic limitations, we consider limitations of
the WEFL, which critically assumes that electrons carry both the electri-
cal current and the heat in the material. The contribution to the ther-
mal conductivity from phonons may break this assumption down to
varying extents.”” However, phonon contributions serve to increase
the Lorenz number, which we wish to avoid. As such, we should gener-
ally stick with materials with negligible phonon contributions. As we
saw in Fig. 2(b), using the WFL is sufficient for most metals.

Additionally, while the WFL has been well studied for bulk mate-
rials, interfaces are more complicated. Studies indicate that an interfa-
cial form of the WFL holds for high quality interfaces between metals
such as those produced via deposition.”* However, in physically assem-
bled contacts, significant heat can also be carried through the air gap
between interface asperities.”” This violates our model, as heat is
exchanged through the environment outside the contact, but it may
be accounted for with various methods described in supplementary
material S4. Additionally, interfaces can make it challenging to prop-
erly design contacts due to their less predictable properties, which are
generally a function of design, fabrication, and operation details.”"

A design can outperform the model if the heat from the contact
can be recovered and utilized. For example, in the application of a
joule-heated reactor, the reactant gas could flow along the contact,
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preheating the gas with the contact losses. However, such concepts
present additional system level design challenges.

In summary, our application of the WFL to contacts presents a
reasonable and straightforward bound on how efficient a joule-heated
system can be without explicit design for heat recovery. We find that
contact losses are relatively minimal in large scale systems with well
designed resistive networks but that they can be significant in smaller
devices such as joule-heated microreactors. Importantly, the usual goal
of minimizing contact resistance is potentially detrimental in these sys-
tems, and instead heat extraction must be balanced with efficient cur-
rent delivery. With the use of experimental Lorenz numbers, it should
be achievable to design contacts with optimal heat loss properties.

See the supplementary material for the sections discussing the
experimental validation of our results, solving the contact temperature
profile, design considerations when utilizing multiple materials, and
design considerations in the presence of interfaces. Additionally, code
to solve the contact problem is available.
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